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ON MAJORANA REPRESENTATIONS OF THE GROUP 32:2 OF
3C-PURE TYPE AND THE CORRESPONDING VERTEX OPERATOR
ALGEBRAS
HSIAN-YANG CHEN AND CHING HUNG LAM
Abstract. In this article, we study Griess algebras and vertex operator subalgebras
generated by Ising vectors in a moonshine type VOA such that the subgroup generated
by the corresponding Miyamoto involutions has the shape 32:2 and any two Ising vectors
generate a 3C subVOA U3C . We show that such a Griess algebra is uniquely determined,
up to isomorphisms. The structure of the corresponding vertex operator algebra is also
discussed. In addition, we give a construction of such a VOA inside the lattice VOA
VE3
8
, which gives an explicit example for Majorana representations of the group 32:2 of
3C-pure type.
1. Introduction
A vertex operator algebra (VOA) V = ⊕∞n=0Vn is said to be of moonshine type if
dim(V0) = 1 and V1 = 0. In this case, the weight 2 subspace V2 has a commutative non-
associative product defined by a · b = a1b for a, b ∈ V2 and it has a symmetric invariant
bilinear form 〈·, ·〉 given by 〈a, b〉1 = a3b for a, b ∈ V2 [FLM]. The algebra (V2, ·, 〈·, ·〉)
is often called the Griess algebra of V . An element e ∈ V2 is called an Ising vector if
e · e = 2e and the sub-VOA generated by e is isomorphic to the simple Virasoro VOA
L(1
2
, 0) of central charge 1
2
. In [Mi], the basic properties of Ising vectors have been studied.
Miyamoto also gave a simple method to construct involutive automorphisms of a VOA V
from Ising vectors. These automorphisms are often called Miyamoto involutions. When
V is the famous Moonshine VOA V ♮, Miyamoto [Mi2] showed that there is a 1− 1 corre-
spondence between the 2A involutions of the Monster group and Ising vectors in V ♮ (see
also [Ho¨]). This correspondence is very useful for studying some mysterious phenomena of
the Monster group and many problems about 2A-involutions in the Monster group may
also be translated into questions about Ising vectors. For example, the McKay’s obser-
vation on the affine E8-diagram has been studied in [LYY1] using Miyamoto involutions
and certain VOA generated by 2 Ising vectors were constructed. Nine different VOA were
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constructed in [LYY1] and they are denoted by U1A, U2A, U2B, U3A, U3C , U4A, U4B, U5A, and
U6A because of their connection to the 6-transposition property of the Monster group (cf.
[LYY1, Introduction]), where 1A, 2A, . . . , 6A are the labels for certain conjugacy classes
of the Monster as denoted in [ATLAS]. In [Sa], Griess algebras generated by 2 Ising
vectors contained in a moonshine type VOA over R with a positive definite invariant form
are classified. There are also 9 possible cases, and they correspond exactly to the Griess
algebra GUnX of the 9 VOA UnX , for nX ∈ {1A, 2A, 2B, 3A, 3C, 4A, 4B, 5A, 6A}. There-
fore, there is again a correspondence between the dihedral subgroups generated by two
2A-involutions, up to conjugacy and the Griess subalgebras generated by 2 Ising vectors
in V ♮, up to isomorphism.
Motivated by the work of Sakuma [Sa], Ivanov axiomatized the properties of Ising
vectors and introduced the notion of Majorana representations for finite groups in his
book [Iv]. Ivanov and his research group also initiated a program on classifying the
Majorana representations for various finite groups [Iv2, Iv3, IS, IPSS]. In particular,
the famous 196884-dimensional Monster Griess algebra constructed by Griess [G] is a
Majorana representation of the Monster simple group. In fact, most known examples of
Majorana representations are constructed as certain subalgebras of this Monster Griess
algebra.
In this article, we study the Griess algebras and vertex operator subalgebras generated
by Ising vectors in a moonshine type VOA such that the subgroup generated by the cor-
responding Miyamoto involutions has the shape 32:2 and any two Ising vectors generate a
3C subVOA U3C . We show that such a Griess algebra is uniquely determined, up to iso-
morphisms. The structure of the corresponding vertex operator algebra is also discussed.
In particular, we determine the central charge. We also give an explicit construction of
such a VOA in a lattice VOA. Therefore, we obtain an example for a Majorana represen-
tation of the group 32:2 of 3C-pure type. We shall note that the Monster simple group
does not have a subgroup of the shape 32:2 such that all order 3 elements belong to the
conjugacy class 3C. Therefore, the VOA that we constructed cannot be embedded into
the Moonshine VOA.
The structure of the Griess algebra can actually be determined easily by the structure
of the 3C-algebra and the action of the group 32:2. It is also not very difficult to determine
the central charge. To construct the VOA explicitly, we combine the construction of the
so-called dihedral subVOA from [LYY1] and the construction of EE8-pairs from [GL].
In fact, it is quite straightforward to find Ising vectors satisfying our hypotheses. The
MAJORANA REPRESENTATION OF 3
2
:2 3
main difficulty is to show the subVOA generated by these Ising vectors has zero weight 1
subspace.
The organization of this article is as follows. In Section 2, we recall some basic def-
initions and notations. We also review the structure of the so-called 3C-algebra from
[LYY1, LYY2]. In Section 3, we study the Griess algebra generated 9 Ising vectors such
that the subgroup generated by the corresponding Miyamoto involutions has the shape
32 : 2 and any two Ising vectors generate a 3C subVOA U3C . We show that such a Griess
algebra is uniquely determined, up to isomorphisms. We also study the subVOA gener-
ated by these Ising vectors. We show that such a VOA has central charge 4 and it has a
full subVOA isomorphic to L(1
2
, 0)⊗ L(21
22
, 0)⊗ L(28
11
, 0). Some highest weight vectors are
also determined. In Section 4, we give an explicit construction of a VOA W in the lattice
VE38 satisfying our hypotheses. In Section 5, we show that the VOA W is isomorphic to
the commutant subVOA ComV
E3
8
(Lsˆl9(C)(3, 0)) using the theory of parafermion VOA. The
decomposition ofW as a sum of irreducible modules of the parafermion VOA K(sl3(C), 9)
is also obtained.
2. Preliminary
First we will recall some definitions and review several basic facts.
Definition 2.1. Let V be a VOA. A bilinear 〈〈·, ·〉〉 form on V is said to be invariant (or
contragredient, see [FHL]) if
〈〈Y (a, z)u, v〉〉 = 〈〈u, Y (ezL(1)(−z−2)L(0)a, z−1)v〉〉 (2.1)
for any a, u, v ∈ V .
Definition 2.2. Let V be a VOA over C. A real form of V is a subVOA VR (with the
same vacuum and Virasoro element) of V over R such that V = VR ⊗ C. A real form VR
is said to be a positive definite real form if the invariant form 〈〈·, ·〉〉 restricted on VR is
real valued and positive definite.
Definition 2.3. Let V be a VOA. An element v ∈ V2 is called a simple Virasoro vector of
central charge c if the subVOA Vir(v) generated by e is isomorphic to the simple Virasoro
VOA L(c, 0) of central charge c.
Definition 2.4. A simple Virasoro vector of central charge 1/2 is an Ising vector.
Remark 2.5. It is well known the VOA L(1
2
, 0) is rational and it has exactly 3 irreducible
modules L(1
2
, 0), L(1
2
, 1
2
), and L(1
2
, 1
16
) (cf. [DMZ, Mi]).
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Remark 2.6. Let V be a VOA and let e ∈ V be an Ising vector. Then we have the
decomposition
V = Ve(0)⊕ Ve(1
2
)⊕ Ve( 1
16
),
where Ve(h) denotes the sum of all irreducible Vir(e)-submodules of V isomorphic to
L(1
2
, h) for h ∈ {0, 1
2
, 1
16
}.
Theorem 2.7 ([Mi]). The linear map τe : V → V defined by
τe :=
1 on Ve(0)⊕ Ve(12),−1 on Ve( 116), (2.2)
is an automorphism of V .
On the fixed point subspace V τe = Ve(0) ⊕ Ve(1/2), the linear map σe : V τe → V τe
defined by
σe :=
1 on Ve(0),−1 on Ve(12), (2.3)
is an automorphism of V τe.
2.1. 3C-algebra. Next we recall the properties of the 3C-algebra U3C from [LYY2] (see
also [Sa]). The followings can be found in [LYY2, Section 3.9].
Lemma 2.8. Let U = U3C be the 3C-algebra defined as in [LYY2]. Then
(1) U1 = 0 and U is generated by its weight 2 subspace U2 as a VOA.
(2) dimU2 = 3 and it is spanned by 3 Ising vectors.
(3) There exist exactly 3 Ising vectors in U2, say, e
0, e1, e2. Moreover, we have
(ei)1(e
j) =
1
32
(ei + ej − ek), and 〈ei, ej〉 = 1
28
for i 6= j and {i, j, k} = {0, 1, 2}.
(4) The Virasoro element of U is given by
32
33
(e0 + e1 + e2).
(5) Let a = 32
33
(e0 + e1 + e2) − e0. Then a is a simple Virasoro vector of central
charge 21/22. Moreover, the subVOA generated by e0 and a is isomorphic to
L(1
2
, 0)⊗ L(21
22
, 0).
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3. Griess algebras generated by Ising vectors
In this section, we study Griess algebras generated by Ising vectors in a moonshine
type VOA V over R such that the invariant bilinear form is positive definite. We assume
that (1) the subgroup generated by the corresponding Miyamoto involutions has the
shape 32:2; and (2) any two of Ising vectors generate a 3C-algebra. We shall show that
such a Griess algebra is unique, up to isomorphism. We also show that the subVOA
generated by these Ising vectors has central charge 4 and it has a full subVOA isomorphic
to L(1
2
, 0)⊗ L(21
22
, 0)⊗ L(28
11
, 0).
First we note that the group 32:2 has exactly 9 involutions and all of them are conjugated
to each other. Consider a set of 9 Ising vectors {e0, e1, . . . , e8} ⊂ V such that 〈ei, ej〉 = 1
28
and τeiτej has order 3 for any i 6= j, that means the Griess subalgebra generated by ei and
ej is isomorphic to GU3C . We also assume the subgroup G generated by their Miyamoto
involutions has the shape 32:2.
Notation 3.1. Let H = O3(G) ∼= 32, the largest normal 3-subgroup of G. Let g and h
be generators of H . Then g and h have order 3 and 〈g, h〉 = H ∼= 32. Let e = e0 and
denote
ei,j := gihje for all 0 ≤ i, j ≤ 2.
Then {ei,j | 0 ≤ i, j ≤ 2} = {e0, e1, . . . , e8}. We also denote the Griess subalgebra and
the subVOA generated by {ei,j | 0 ≤ i, j ≤ 2} by G and W , respectively. The following
lemma shows the uniqueness of Griess algebra of pure 3C type.
Lemma 3.2. The Griess subalgebra G is spanned by {ei,j | 0 ≤ i, j ≤ 2} and dimG = 9.
Proof. By Lemma 2.8, we have
ei,j · ei′,j′ =
 132(ei,j + ei
′,j′ − ei′′,j′′), if (i, j) 6= (i′j′),
2ei,j if (i, j) = (i′j′),
where i+ i′ + i′′ = j + j′ + j′′ = 0 mod 3.
Therefore, span{ei,j | 0 ≤ i, j ≤ 2} is closed under the Griess algebra product and
G = span{ei,j | 0 ≤ i, j ≤ 2}. By our assumption, we have the Gram matrix
(
〈ei,j, ei′,j′〉
)
0≤i,j,i′j′≤2
=

1
4
1
28
. . . 1
28
1
28
1
4
. . . 1
28
...
...
. . .
...
1
28
1
28
. . . 1
4
 .
It has rank 9 and hence {ei,j | 0 ≤ i, j ≤ 2} is a linearly independent set and dimG = 9.
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Next, we shall give more details about the VOA generated by {ei,j}.
Lemma 3.3. Let
ω :=
8
9
∑
0≤i,j≤2
ei,j.
Then ω is a Virasoro vector of central charge 4. Moreover, ω · ei,j = ei,j · ω = 2ei,j for
any 0 ≤ i, j ≤ 2. In other words, ω/2 is the identity element in G.
Proof. By Lemma 2.8, we have
ω · ω =
(
8
9
)22 ∑
0≤i,j,≤2
ei,j +
∑
0≤i,j,≤2
 ∑
0≤i′,j′≤2
(i,j) 6=(i′j′)
i+i′+i′′=j+j′+j′′=0 mod 3
1
32
(ei,j + ei
′,j′ − ei′′,j′′)


=
(
8
9
)2(
2
∑
0≤i,j,≤2
ei,j +
∑
0≤i,j,≤2
8
32
ei,j
)
=
(
8
9
)2
· 9
4
∑
0≤i,j,≤2
ei,j = 2ω
and
〈ω, ω〉 =
(
8
9
)2(
1
4
× 9 + 1
28
× 72
)
= 2.
Therefore, ω is a Virasoro vector of central charge 4. That ω · ei,j = ei,j ·ω = 2ei,j for any
0 ≤ i, j ≤ 2 can be verified easily by Lemma 2.8, also .
Lemma 3.4. Let
a1 =a =
32
33
(e0,0 + e0,1 + e0,2)− e0,0,
a2 =
32
33
(e0,0 + e1,0 + e2,0)− e0,0,
a3 =
32
33
(e0,0 + e1,1 + e2,2)− e0,0,
a4 =
32
33
(e0,0 + e1,2 + e2,1)− e0,0.
Then a1, a2, a3, a4 are Virasoro vectors of central charge 21/22. Moreover, we have
ai · aj = 1
33
(2ai + 2aj − ak − aℓ),
for i 6= j and {i, j, k, ℓ} = {1, 2, 3, 4}.
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Proof. We only prove the case for i = 1 and j = 2. The other cases can be proved
similarly. By Lemma 2.8, we have
(e0,0 + e0,1 + e0,2) · e0,0 = 2e0,0 + 1
32
(e0,0 + e0,1 − e0,2 + e0,0 + e0,2 − e0,1) = 33
16
e0,0
(e0,0 + e0,1 + e0,2) · e1,0 = 1
32
(e0,0 + e1,0 − e2,0 + e0,1 + e1,0 − e2,2 + e0,2 + e1,0 − e2,1)
(e0,0 + e0,1 + e0,2) · e2,0 = 1
32
(e0,0 + e2,0 − e1,0 + e0,1 + e2,0 − e1,2 + e0,2 + e2,0 − e1,1).
Thus,
a1 · a2
=
[
32
33
(e0,0 + e0,1 + e0,2)− e0,0
]
·
[
32
33
(e0,0 + e1,0 + e2,0)− e0,0
]
=
(
32
33
)2 [
33
16
e0,0 +
1
32
(
2(e0,0 + e0,1 + e0,2 + e1,0 + e2,0)− (e1,1 + e1,2 + e2,1 + e2,2))]
− 4e0,0 + 2e0,0
=
32
332
[
2(e0,1 + e0,2 + e1,0 + e2,0)− (e1,1 + e1,2 + e2,1 + e2,2)]− 2
332
e0,0
=
1
33
(2a1 + 2a2 − a3 − a4)
as desired.
Lemma 3.5. Let
b1 =
8
9
∑
0≤i,j≤2
ei,j − 32
33
(e0,0 + e0,1 + e0,2).
Then b1 is a Virasoro vector of central charge 28/11. Moreover, e0,0, a1 and b1 are
mutually orthogonal and ω = e0,0 + a1 + b1. Therefore, W has a full subVOA isomorphic
to the tensor product of Virasoro VOA
L(
1
2
, 0)⊗ L(21
22
, 0)⊗ L(28
11
, 0).
Proof. It follows from (4), (5) of Lemma 2.8 and Lemma 3.3.
Lemma 3.6. For any i, j ∈ {2, 3, 4}, i 6= j, the element ai − aj is a highest weight vector
of weight (0, 1/11, 21/11) with respect to Vir(e0,0)⊗ Vir(a1)⊗ Vir(b1).
Proof. By Lemma 3.4, we have
a11(a
i − aj) = 1
33
[(2a1 + 2ai − aj − ak)− (2a1 + 2aj − ai − ak)] = 1
11
(ai − aj),
where {i, j, k} = {2, 3, 4}. Since e0,01 ai = 0 and ω1ai = 2ai for all i, ai − aj is a highest
weight vector of weight (0, 1/11, 21/11) with respect to Vir(e0,0)⊗ Vir(a1)⊗Vir(b1).
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Lemma 3.7. The vector e0,1 − e0,2 is a highest weight vector of weight (1/16, 31/16, 0)
with respect to Vir(e0,0)⊗ Vir(a1)⊗ Vir(b1).
Proof. By direct calculations, we have
e0,01 (e
0,1 − e0,2) = 1
32
[(e0,0 + e0,1 − e0,2)− (e0,0 + e0,2 − e0,1)] = 1
16
(e0,1 − e0,2)
and
32
33
(e0,0 + e0,1 + e0,2)1(e
0,1 − e0,2) = 2(e0,1 − e0,2).
Since a1 = 32
33
(e0,0 + e0,1 + e0,2)− e0,0 and b1 = ω − 32
33
(e0,0 + e0,1 + e0,2), we have
a11(e
0,1 − e0,2) = 31
16
(e0,1 − e0,2) and b11(e0,1 − e0,2) = 0
as desired.
Lemma 3.8. With respect to Vir(e0,0) ⊗ Vir(a1) ⊗ Vir(b1), (e1,0 + e1,1 + e1,2) − (e2,0 +
e2,1 + e2,2) is a highest weight vector of weight (1/16, 21/176, 20/11). On the other hand,
(e1,1− e2,2)− (e1,2− e2,1) and (e1,0− e2,0)− (e1,1− e2,2) are highest weight vectors of weight
(1/16, 5/176, 21/11).
Proof. By the same calculations as in Lemma 3.7, (e1,0− e2,0), (e1,1− e2,2) and (e1,2− e2,1)
are 1/16-eigenvectors of e0,01 .
By Lemma 2.8, we also have
32
33
(e0,0 + e0,1 + e0,2)1(e
1,1 − e2,2) = 1
33
(4(e1,1 − e2,2) + (e1,0 − e2,0) + (e1,2 − e2,1)).
Let v = (e1,0 + e1,1 + e1,2)− (e2,0 + e2,1 + e2,2). Then
32
33
(e0,0 + e0,1 + e0,2)1v =
1
33
(4 + 1 + 1)v =
2
11
v.
Thus, a11v = (
2
11
− 1
16
)v = 21
176
v and b11v = (2− 211)v = 2011v.
Moreover,
32
33
(e0,0 + e0,1 + e0,2)1((e
1,1 − e2,2)− (e1,2 − e2,1))
=
1
33
(4− 1)((e1,1 − e2,2)− (e1,2 − e2,1))
=
1
11
((e1,1 − e2,2)− (e1,2 − e2,1)).
Thus, we have
a11((e
1,1 − e2,2)− (e1,2 − e2,1)) = 5
176
((e1,1 − e2,2)− (e1,2 − e2,1))
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and
b11((e
1,1 − e2,2)− (e1,2 − e2,1))v = 21
11
((e1,1 − e2,2)− (e1,2 − e2,1)).
The remaining cases can be proved similarly.
4. Lattice VOA VE8⊥E8⊥E8
In this section, we shall construct explicitly a VOA W satisfying the hypothesis in
Section 3 inside the lattice VOA VE8⊥E8⊥E8 .
Our notation for the lattice vertex operator algebra
VL =M(1)⊗ C{L} (4.1)
associated with a positive definite even lattice L is standard [FLM]. In particular, h =
C⊗ZL is an abelian Lie algebra and we extend the bilinear form to h by C-linearity. Also,
hˆ = h ⊗ C[t, t−1] ⊕ Ck is the corresponding affine algebra and Ck is the 1-dimensional
center of hˆ. The subspace M(1) = C[αi(n)|1 ≤ i ≤ d, n < 0] for a basis {α1, . . . , αd} of
h, where α(n) = α⊗ tn, is the unique irreducible hˆ-module such that α(n) · 1 = 0 for all
α ∈ h and n nonnegative, and k = 1. Also, C{L} = span{eβ | β ∈ L} is the twisted group
algebra of the additive group L such that eβeα = (−1)〈α,β〉eαeβ for any α, β ∈ L. The
vacuum vector 1 of VL is 1⊗ e0 and the Virasoro element ωL is 12
∑d
i=1 βi(−1)2 · 1 where
{β1, ..., βd} is an orthonormal basis of h. For the explicit definition of the corresponding
vertex operators, we shall refer to [FLM] for details.
Definition 4.1. Let A and B be integral lattices with the inner products 〈 , 〉A and 〈 , 〉B,
respectively. The tensor product of the lattices A and B is defined to be the integral lattice
which is isomorphic to A⊗Z B as a Z-module and has the inner product given by
〈α⊗ β, α′ ⊗ β ′〉 = 〈α, α′〉A · 〈β, β ′〉B, for any α, α′ ∈ A, and β, β ′ ∈ B.
We simply denote the tensor product of the lattices A and B by A⊗B.
Now let L = E8 ⊥ E8 ⊥ E8 be the orthogonal sum of 3 copies of the root lattice of
type E8. Set
M = {(α,−α, 0) | α ∈ E8} < L, and
N = {(0, α,−α) | α ∈ E8} < L.
(4.2)
Then M ∼= N ∼=
√
2E8 and M + N ∼= A2 ⊗ E8 (see [GL]). Note that there is a third√
2E8-sublattice
N˜ = {(α, 0,−α) | α ∈ E8} < M +N.
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We shall fix a (bilinear) 2-cocyle ε0 : E8 ×E8 → Z2 such that
ε0(α, α) ≡ 1
2
〈α, α〉 mod 2,
and ε0(α, β)− ε0(β, α) ≡ 〈α, β〉 mod 2,
(4.3)
for all α, β ∈ E8. Note that such a 2-cocycle exists (cf. [FLM, (6.1.27)-(6.1.29)]). More-
over, eαe−α = −e0 for any α ∈ E8 such that 〈α, α〉 = 2.
We shall extend ε0 to L by defining
ε0
(
(α, α′, α′′), (β, β ′, β ′′)
)
= ε0(α, β) + ε0(α
′, β ′) + ε0(α′′, β ′′).
It is easy to check by direct calculations that ε0 is trivial on M , N or N˜ .
Consider the lattice VOA
VL ∼= VE8 ⊗ VE8 ⊗ VE8.
Definition 4.2. Let a be an element of E8 such that
K := {β ∈ E8 | 〈β, a〉 ∈ 3Z} ∼= A8.
Set a˜ = (a,−a, 0) and define an automorphism ρ of VL by
ρ = exp
(
2πi
3
a˜(0)
)
.
Then ρ has order 3 and the fixed point subspace V ρM
∼= V√2A8.
Notation 4.3. Let M,N and ρ be defined as above. Set
e := eM =
1
16
ωM +
1
32
∑
α∈M(4)
eα,
f := eN =
1
16
ωN +
1
32
∑
α∈N(4)
eα,
eN˜ :=
1
16
ωN˜ +
1
32
∑
α∈N˜(4)
eα, and
e′ := ρ(e).
It is shown in [DLMN] that e, f and eN˜ are Ising vectors and hence e
′ = ρ(e) is also an
Ising vector (see also [LYY1, LYY2]).
The following lemma can be proved by direct calculations (see [GL, LYY1, LYY2]).
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Lemma 4.4. We have 〈e, f〉 = 〈e, e′〉 = 〈f, e′〉 = 1/28. Moreover, the subVOA VOA(e, f),
VOA(e, g), VOA(f, g) generated by {e, f}, {e, e′} and {f, e′}, respectively, are isomorphic
to the 3C-algebra U3C . We also have eM ·eN = 1/32(eM+eN−eN˜ ), and hence τe(f) = eN˜ .
Notation 4.5. Let W := VOA(e, f, e′) be the subVOA generated by e, f and e′. We
also denote h = τeτf and g = τeτe′ . Then g and h both have order 3. Note also that
e, f, e′ ∈ VM+N and thus W < VM+N ∼= VA2⊗E8.
Lemma 4.6. As automorphisms of W , g commutes with h.
Proof. Recall that g = τeτe′ = ρ on VL (see [LYY1]). Moreover, h(e) = f = eN and
h2(e) = eN˜ .
By a direct calculation, we have
hg(e) = hgh−1h(e) = ρh(eN),
where ρh = hρh−1 = exp
(
2πi
3
(0, a,−a)(0)).
Since 〈(0, β,−β), (0, a,−a)〉 = 2〈β, a〉 and 〈(0, β,−β), (a,−a, 0)〉 = −〈β, a〉, we have
gh(e) = ρ(eN) = ρ
h(eN) = hg(e).
Similarly, we have
hg(e′) = hg2(e) = (ρh)2(eN), gh(e′) = ghg(e) = g(ρh(eN)) = (ρh)2(eN)
and
hg(f) = hgh(e) = (hgh2)h2(e) = ρh(eN˜), gh(f) = g(eN˜) = ρ(eN˜).
Hence gh = hg on W .
Notation 4.7. For any 0 ≤ i, j ≤ 2, denote
ei,j = gihj(e).
In particular, we have
e0,0 = eM , e
0,1 = eN , e
0,2 = eN˜ ,
e1,0 = ρeM , e
1,1 = ρeN , e
1,2 = ρeN˜ ,
e2,0 = ρ2eM , e
2,1 = ρ2eN , e
2,2 = ρ2eN˜ .
Remark 4.8. By the same methods as in [GL, LYY1], it is also quite straightforward to
verify that 〈ei,j, ei′j′〉 = 1
28
whenever (i, j) 6= (i′, j′).
Lemma 4.9. Let G be the subgroup of Aut(W ) generated by τe, τf and τe′. Then G has
the shape 32 : 2.
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Proof. By Lemma 4.6, we know the group 〈g, h〉 generated by g and h is isomorphic to
32. We claim that G ∼= 〈g, h〉 : 〈τe〉. For this we need to prove
1) 〈g, h〉 is normal in G; 2) G = 〈g, h〉〈τe〉 and 3) 〈g, h〉 ∩ 〈τe〉 = 0.
It is easy to prove 2) and 3). For 1), by Lemma 4.6 we have gh = hg and hence τfτeτe′ =
τe′τeτf . Thus τfhτf = τfτeτe′τf = τe′τeτ
2
f = τe′τe = h
2 ∈ 〈g, h〉. Similar computation gives
〈g, h〉 is normal in G.
5. Affine VOA Lŝl9(C)(3, 0)
Recall from Definition 4.2 that the sublattice
K = {β ∈ E8 | 〈β, a〉 ∈ 3Z} ∼= A8.
Thus, we have an embedding
VK⊥K⊥K ∼= VK ⊗ VK ⊗ VK →֒ VL.
It is also well known [FLM] that VK ∼= VA8 is an irreducible level 1 representation of the
affine Lie algebra ŝl9(C). Moreover, the weight 1 subspace (VK)1 is a simple Lie algebra
isomorphic to sl9(C).
Let ηi : K → K ⊥ K ⊥ K, i = 1, 2, 3, be the embedding of K into the i-th direct
summand of K ⊥ K ⊥ K, i.e.,
η1(α) = (α, 0, 0), η2(α) = (0, α, 0), η3(α) = (0, 0, α),
for any α ∈ K.
Notation 5.1. For any α ∈ K(2) := {α ∈ K | 〈α, α〉 = 2}, set
Hα = (α, α, α)(−1) · 1,
Eα = e
η1(α) + eη2(α) + eη3(α).
Then {Hα, Eα | α ∈ K(2)} generates a subVOA isomorphic to the affine VOA Lsˆl9(C)(3, 0)
in VL (see [DL, Proposition 13.1] and [FZ]). Moreover, the Virasoro element of Lsˆl9(C)(3, 0)
is given by
Ω =
1
2(3 + 9)
 8∑
k=1
(hk, hk, hk)(−1)2 · 1 +
∑
α∈K(2)
(Eα)−1(−E−α)
 ,
where {h1, . . . , h8} is an orthonormal basis of K⊗C = E8⊗C. Note that the dual vector
of Eα is −E−α.
We also denote E = {(α, α, α) | α ∈ E8} < L. Note that
E = AnnL(M +N) := {β ∈ L | 〈β, β ′〉 = 0 for all β ′ ∈M +N}.
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Lemma 5.2. Denote the Virasoro element of a lattice VOA VS by ωS. Then we have
Ω = ωE +
3
4
ωM+N − 1
12
∑
α∈K(2)
1≤i,j≤3,i6=j
eηi(α)−ηj (α),
= ωL − 8
9
∑
0≤i,j≤2
ei,j.
Proof. Let {h1, . . . , h8} be an orthonormal basis of A8 ⊗ C = E8 ⊗ C. Then
Ω =
1
2(3 + 9)
[
8∑
k=1
(hk, hk, hk)(−1)2 · 1
−
∑
α∈K(2)
(eη1(α) + eη2(α) + eη3(α))−1(e−η1(α) + e−η2(α) + e−η3(α))
 ,
=
1
24
6ωE + ∑
α∈K(2)
3∑
i=1
1
2
(ηi(α)(−2) · 1+ ηi(α)(−1)2 · 1)
−2
∑
α∈K(2)
1≤i,j≤3,i6=j
eηi(α)−ηj (α)
 ,
=
1
4
ωE +
18
24
ωL − 1
12
∑
α∈K(2)
1≤i,j≤3,i6=j
eηi(α)−ηj (α).
Since ωL = ωM+N + ωE, we have
Ω = ωE +
3
4
ωM+N − 1
12
∑
α∈K(2)
1≤i,j≤3,i6=j
eηi(α)−ηj (α).
Now let ∆i := {β ∈ E8(2) | 〈a, β〉 = i mod 3Z} for i = 0, 1 and 2. Note that
∆0 = K(2). Then we have
e0,0 = eM =
1
16
ωM +
1
32
2∑
i=0
∑
α∈∆i
e(α,−α,0),
e1,0 = ρeM =
1
16
ωM +
1
32
2∑
i=0
∑
α∈∆i
ξ2ie(α,−α,0),
e2,0 = ρ2eM =
1
16
ωM +
1
32
2∑
i=0
∑
α∈∆i
ξie(α,−α,0).
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Hence
2∑
i=0
ei,0 = (1 + ρ+ ρ2)eM =
3
16
ωM +
3
32
∑
α∈K(2)
e(α,−α,0).
Similar computation gives∑
0≤i,j≤2
ei,j =
3
16
(ωM + ωN + ωN˜) +
3
32
∑
α∈K(2)
1≤i,j≤3,i6=j
eηi(α)−ηj (α).
Recall that M +N ∼= A2 ⊗ E8. It contains a full rank sublattice isometric to (
√
2A2)
8
and hence ωM+N is the sum of the conformal elements of each tensor copy of V
⊗8√
2A2
. We
also note that the conformal element of the lattice VOA V√2A2 is given by
ω√2A2 =
1
6
(α1(−1)2 + α2(−1)2 + α3(−1)2) · 1
=
2
3
(
1
2
(
α1(−1)√
2
)2 +
1
2
(
α2(−1)√
2
)2 +
1
2
(
α3(−1)√
2
)2
)
· 1,
where α1, α2, α3 are positive roots of a root lattice type A2 [DLMN].
Thus ωM+N =
2
3
(ωM + ωN + ωN˜) and we get
Ω = ωL − 8
9
∑
0≤i,j≤2
ei,j,
as desired.
Lemma 5.3. For any 0 ≤ i, j ≤ 2, we have ei,j ∈ ComVL
(
Lŝl9(C)(3, 0)
)
. Hence W ⊂
ComVL
(
Lŝl9(C)(3, 0)
)
.
Proof. Since ei,j ∈ VM+N and E = {(α, α, α) | α ∈ E8} is orthogonal to M +N , it is clear
that (Hα)ne
i,j = 0 for all n ≥ 0. It is also clear that (Eα)nei,j = 0 for any root α ∈ K
and n ≥ 2.
Recall from [FLM] that
Y (eα, z) = exp
(∑
n∈Z+
α(−n)
n
zn
)
exp
(∑
n∈Z+
α(n)
−n z
−n
)
eαzα.
Now let σ = (123) be a 3-cycle. Then by direct calculation, we have
(Eα)1e
i,j = (Eα)1(ρ
ihjeM)
= (eη1(α) + eη2(α) + eη3(α))1
 1
16
ωhj(M) +
1
32
∑
α∈∆+(E8)
ρi(e(ησj (1)−ησj(2))(α) + e−(ησj (1)−ησj(2))(α))

=
1
16
(
〈α, α〉21
8
(eησj (1)(α) + eησj (2)(α))
)
+
1
32
ε(α,−α)(eησj(1)(α) + eησj (2)(α)) = 0,
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and
(Eα)0e
i,j
= (eη1(α) + eη2(α) + eη3(α))0
 1
16
ωhj(M) +
1
32
∑
α∈∆+(E8)
ρi(e(ησj (1)−ησj(2))(α) + e−(ησj (1)−ησj(2))(α))

=
1
16
(
〈α, α〉21
8
(ησj (1)(α)(−1)eησj(1)(α) + ησj (2)(α)(−1)eησj(2)(α))
−2〈α, α〉1
8
(
ησj(1) − ησj (2))(α)(−1)eησj(1)(α) − (ησj(1) − ησj (2))(α)(−1)eησj(2)(α)
))
+
1
32
ε(α,−α)(ησj(2)(α)(−1)eησj(1)(α) + ησj (1)(α)(−1)eησj(2)(α))
= 0
for any root α ∈ K. Therefore, (Eα)nei,j = 0 for all n ≥ 0. Since Lŝl9(C)(3, 0) is generated
by Eα and Hα, we have the desired conclusion.
Theorem 5.4. Let W be the subVOA generated by e, f and e′ in VL. Then W1 = 0.
Proof. Since h(−1) · 1 ∈ Lsˆl9(C)(3, 0) for all h ∈ E, the commutant subVOA
ComVL
(
Lŝl9(C)(3, 0)
)
⊂ VM+N .
Therefore, it suffices to show W ∩ (VM+N)1 = 0.
Recall that M +N ∼= A2 ⊗ E8 has no roots. Thus,
(VM+N)1 = spanC{h(−1) · 1 | h ∈ (M +N)⊗ C}.
However,
Ω1h(−1) · 1 =
ωE + 3
4
ωM+N − 1
12
∑
α∈K(2)
1≤i,j≤3,i6=j
eηi(α)−ηj (α)

1
h(−1) · 1 = 3
4
h(−1) · 1 6= 0
for any 0 6= h ∈ (M +N)⊗C. Thus,
(
ComVL(Lŝl9(C)(3, 0))
)
∩ (VM+N)1 = 0 and we have
W1 = 0.
Remark 5.5. Note that the lattice VOA VL also contains a subVOA isomorphic to
LEˆ8(3, 0), the level affine VOA associated to the Kac-Moody Lie algebra of type E
(1)
8 .
The central charge of ComVL(LEˆ8(3, 0)) is 16/11, which is the same as U3C . In fact, it can
be shown by the similar calculation as Lemma 5.3 that eM and eN defined in Notation
4.3 are contained in ComVL(LEˆ8(3, 0)). Moreover,
U3C ∼= V OA(eM , eN) = ComVL(LEˆ8(3, 0)).
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5.1. A positive definite real form. Next we shall show that the Ising vectors ei,j,
0 ≤ i, j ≤ 2, are contained in a positive definite real form of VE38 .
First we recall that the lattice VOA constructed in [FLM] can be defined over R. Let
VL,R = S(hˆ
−
R) ⊗ R{L} be the real lattice VOA associated to an even positive definite
lattice, where h = R ⊗Z L, hˆ− = ⊕n∈Z+h ⊗ Rt−n. As usual, we use x(−n) to denote
x⊗ t−n for x ∈ h and n ∈ Z+.
Notation 5.6. Let θ : VL,R → VL,R be defined by
θ(x(−n1) · · ·x(−nk)⊗ eα) = (−1)kx(−n1) · · ·x(−nk)⊗ e−α.
Then θ is an automorphism of VL,R, which is a lift of the (−1)-isometry of L [FLM]. We
shall denote the (±1)-eigenspaces of θ on VL,R by V ±L,R.
The following result is well-known [FLM, Mi2].
Proposition 5.7 (cf. Proposition 2.7 of [Mi2]). Let L be an even positive definite lattice.
Then the real subspace V˜L,R = V
+
L,R ⊕
√−1V −L,R is a real form of VL. Furthermore, the
invariant form on V˜L,R is positive definite.
Now apply the above theorem to the case L = E38 . We have the following result.
Proposition 5.8. Let V˜E38 ,R = V
+
E38 ,R
⊕ √−1V −
E38 ,R
. Then V˜E38 ,R is a positive definite real
form of VE38 .
The next lemma is clear by the definitions of eN , eN and eN˜ .
Lemma 5.9. The Ising vectors eM , eN and eN˜ defined in Notation 4.3 are contained in
V +
E38 ,R
.
Recall the automorphism ρ = exp(2πi
3
(a,−a, 0)(0)) defined in Definition 4.2, where a
is an element of E8 such that K = {β ∈ E8 | 〈β, a〉 ∈ 3Z} ∼= A8. Then we have the coset
decomposition
E8 = A8 ∪ (b+ A8) ∪ (−b+ A8),
where b is a root of E8 such that 〈b, a〉 ≡ 1 mod 3.
Note that
M = {(α,−α, 0) | α ∈ E8} ∼=
√
2E8
and
K˜ = {(α,−α, 0) | α ∈ K} ∼=
√
2A8.
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Set
X0 :=
1
3
(eM + ρeM + ρ
2eM),
X1 :=
1
3
(eM + ξρeM + ξ
2ρ2eM),
X2 :=
1
3
(eM + ξ
2ρeM + ξρ
2eM),
where ξ = exp 2πi
3
= 1
2
(−1 +√−3).
The next lemma can be proved by the same calculations as in [LYY1]. Note that
ρX0 = X0, ρX1 = ξ2X1 and ρX2 = ξX2.
Lemma 5.10. The vector X0 is contained in V +M,R. Moreover,
X1 =
1
32
∑
γ∈(b,−b,0)+K˜
〈γ,γ〉=4
eγ
and
X2 =
1
32
∑
γ∈−(b,−b,0)+K˜
〈γ,γ〉=4
eγ .
Therefore, X1 +X2 ∈ V +M,R and X1 −X2 ∈ V −M,R.
Lemma 5.11. The Ising vectors ei,j, 0 ≤ i, j ≤ 2, are all contained in V˜E38 ,R.
Proof. By the discussion above, we have
ρeM = X
0 − 1
2
(X1 +X2) +
1
2
√−3(X1 −X2).
Since X1+X2 ∈ V +M,R and X1−X2 ∈ V −M,R, we have ρeM ∈ V˜E38 ,R. Similarly, we also have
ρ2eM , ρeN , ρ
2eN , ρeN˜ , ρ
2eN˜ ∈ V˜E38 ,R as desired.
6. Parafermion VOA and W
In this section, we shall show that the VOA W defined in Notation 4.5 is, in fact,
equal to the commutant subVOA W˜ = ComVL
(
Lŝl9(C)(3, 0)
)
. Recall from [La] that the
lattice VOA VA83 contains a full subVOA K(sl3(C), 9) ⊗ Lsˆl9(C)(3, 0), where K(sl3(C), 9)
is the parafermion VOA associated to the affine VOA Lsˆl3(C)(9, 0). Therefore, the VOA
W˜ contains a full subVOA isomorphic to the parafermion VOA K(sl3(C), 9).
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6.1. Parafermion VOA. First, we recall the definition of parafermion VOA from [DW]
(cf. [DLY, DLWY]).
Let g be a finite dimensional simple Lie algebra and ĝ the affine Kac-Moody Lie algebra
associated with g. Let Π = {α1, . . . , αn} be a set of simple roots and θ the highest root.
Let Q be the root lattice of g. For any positive integer k, we denote
P k+(g) = {Λ ∈ Q⊗Z Q | 〈αi,Λ〉 ∈ Z≥0 for all i = 1, . . . , n and 〈θ,Λ〉 ≤ k},
the set of dominant integral weights for g with level k.
Let Lĝ(k,Λ) be the irreducible module of gˆ with highest weight Λ and level k. Then
Lĝ(k, 0) forms a simple VOA with the Virasoro element given by the Sugawara construc-
tion
Ωg,k =
1
2(k + h∨)
∑
(ui)−1ui, (6.1)
where h∨ is the dual Coxeter number, {ui} is a basis of g and {ui := (ui)∗} is the dual
basis of {ui} with respect to the normalized Killing form (see [FZ]). Moreover, the central
charge of Lĝ(k, 0) is
k dim g
k + h∨
. (6.2)
The vertex operator algebra Lĝ(k, 0) contains a Heisenberg vertex operator algebra cor-
responding to a Cartan subalgebra h of g. Let Mhˆ(k, 0) be the vertex operator subalgebra
of Lĝ(k, 0) generated by h(−1) · 1 for h ∈ h. The commutant K(g, k) of Mhˆ(k, 0) in
Lĝ(k, 0) is called a parafermion vertex operator algebra.
The VOA Lĝ(k, 0) is completely reducible as anMhˆ(k, 0)-module and we have a decom-
position (see [DW]).
Lemma 6.1. For any λ ∈ h∗, let M
hˆ
(k, λ) be the irreducible highest weight module for hˆ
with a highest weight vector vλ such that h(0)vλ = λ(h)vλ for h ∈ h. Denote
Kg,k(λ) = Kg,k(0, λ) = {v ∈ Lĝ(k, 0) | h(m)v = λ(h)δm,0v for h ∈ h, m ≥ 0}.
Then we have
Lĝ(k, 0) =
⊕
λ∈Q
Kg,k(λ)⊗Mhˆ(k, λ),
where Q is the root lattice of g.
Similarly, for any Λ ∈ P k+(g), we also have the decomposition.
Lemma 6.2. Denote Kg,k(Λ, λ) = {v ∈ Lĝ(k,Λ) | h(m)v = λ(h)δm,0v for h ∈ h, m ≥ 0}.
Then
Lĝ(k,Λ) =
⊕
λ∈Λ+Q
Kg,k(Λ, λ)⊗Mhˆ(k, λ).
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6.2. A generating set. In [DW], it is shown that the parafermion VOA K(g, k) is
generated by subVOAs isomorphic to K(sl2(C), k). We first give a brief review of their
work.
Let h be a Cartan subalgebra of g and let ∆+ be the set of all positive roots of g. Then
g = h⊕
⊕
α∈∆+
(Cxα ⊕ Cx−α),
where x±α ∈ g±α = {u ∈ g | [h, u] = ±α(h)u for all h ∈ h}.
Notation 6.3. For any α ∈ ∆+, let hα = [xα, x−α]. Then Sα = span{hα, xα, x−α} is a
Lie subalgebra of g isomorphic to sl2(C). Define
ωα =
1
2k(k + 2)
(khα(−2)1− hα(−1)21+ 2kxα(−1)x−α(−1)1)
and
W 3α =k
2hα(−3)1+ 3khα(−2)hα(−1)1 + 2hα(−1)31− 6khα(−1)xα(−1)xα(−1)1
+ 3k2xα(−2)xα(−1)1− 3k2xα(−1)xα(−2)1.
We use Pα to denote the vertex operator subalgebra of K(g, k) generated by ωα and
W 3α for α ∈ ∆+.
The next theorem is proved in [DW].
Theorem 6.4 (Theorem 4.2 of [DW]). The simple vertex operator algebra K(g, k) is
generated by Pα, α ∈ ∆+ and Pα is a simple vertex operator algebra isomorphic to the
parafermion vertex operator algebra K(sl2(C), k) associated to sl2(C).
6.3. Lattice VOA VAk+1n . Next we recall an embedding of the VOA
K(slk+1, n+ 1)⊗ Lsˆln+1(C)(k + 1, 0)
into the lattice VOA VAk+1n from [La].
We use the standard model for the root lattice of type Aℓ. In particular,
Aℓ = {
∑
aiǫi ∈ Zℓ+1 | ai ∈ Z and
ℓ+1∑
i=1
ai = 0},
where ǫi is the row vector whose i-th entry is 1 and all other entries are 0. The dual
lattice
A∗ℓ =
ℓ⋃
i=0
(γAℓ(i) + Aℓ) ,
where γAℓ(i) =
1
ℓ+1
(∑ℓ+1−i
j=1 iǫj −
∑ℓ+1
j=ℓ+1−i+1(ℓ+ 1− i)ǫj
)
for i = 0, . . . , ℓ.
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Notation 6.5. Let n and k be positive integers. We shall consider two injective maps
ηi : Z
n+1 → Z(n+1)(k+1) and ιi : Zk+1 → Z(n+1)(k+1) defined by
ηi(ǫj) = ǫ(n+1)(i−1)+j and ιi(ǫj) = ǫ(n+1)(j−1)+i,
for i = 1, . . . , k + 1, j = 1, . . . , n+ 1.
Let dk+1 =
∑k+1
j=1 ηj : Z
n+1 → Z(n+1)(k+1) and µn+1 =
∑n+1
j=1 ιj : Z
k+1 → Z(n+1)(k+1).
Then we have
dk+1(a1, . . . , an+1) = (a1, . . . , an+1, a1, . . . , an+1, . . . , a1, . . . , an+1),
and
µn+1(a1, . . . , ak+1) = (a1, . . . , a1, a2, . . . , a2, . . . , ak+1, . . . , ak+1).
Set X = dk+1(An) and Y = µn+1(Ak). Then X ∼=
√
k + 1An and Y ∼=
√
n + 1Ak.
Moreover, we have
AnnA(n+1)(k+1)−1(Y ) = ⊕k+1i=1 ηi(An) ∼= Ak+1n ,
AnnA(n+1)(k+1)−1(X) = ⊕n+1j=1 ιj(Ak) ∼= An+1k ,
(6.3)
where AnnA(B) = {x ∈ A | 〈x, y〉 = 0 for all y ∈ B} is the annihilator of a sublattice B
in an integral lattice A.
By the same construction as in Notation 5.1 (see also [DL, Chapter 13]), one can
obtain subVOAs isomorphic to Lsˆln+1(C)(k + 1, 0) and Lsˆlk+1(C)(n + 1, 0) in the lattice
VOA VA(k+1)(n+1)−1 .
The next proposition is well known in the literature [KW, La, NT].
Proposition 6.6. The VOA Lsˆln+1(C)(k + 1, 0) and Lsˆlk+1(C)(n+ 1, 0) are mutually com-
mutative in the lattice VOA VA(k+1)(n+1)−1. Moreover, Lsˆln+1(C)(k+1, 0)⊗Lsˆlk+1(C)(n+1, 0)
is a full subVOA of V(n+1)(k+1)−1.
Remark 6.7. It is also known that the VOA Vµn+1(Ak) is contained in the affine VOA
Lsˆlk+1(C)(n+1, 0) and K(slk+1(C), n+1) = ComLsˆlk+1(C)(n+1,0)
(Vµn+1(Ak)) (cf. [La, Lemma
4.1]). Moreover, for any Λ ∈ P+n+1(slk+1(C)), we have the decomposition
Lsˆlk+1(n+ 1,Λ) =
⊕
λ∈ 1
n+1
(µn+1(Λ+Ak))/µn+1(Ak)
Kslk+1(C),n+1(Λ, (n+ 1)λ¯)⊗ Vλ+µn+1(Ak) (6.4)
as a module of Vµn+1(Ak) ⊗K(slk+1(C), n + 1), where λ¯ ∈ 1n+1Ak such that µn+1(λ¯) = λ
(see [La, Lemma 4.3]).
Note that it is shown in [DL, Theorem 14.20] that Kslk+1(C),n+1(Λ, (n + 1)λ¯), for Λ ∈
P n+1+ (slk+1(C)), λ ∈ (µn+1(Ak))∗, are irreducible K(slk+1(C), n+ 1)-modules.
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Next we consider the case when n = 8 and k = 2. Then (n + 1)(k + 1)− 1 = 26. We
shall study the decomposition of W˜ = ComV
E3
8
(Lsˆl9(C)(3, 0)) as a K(sl3(C), 9)-module.
Denote
ν1 = η1 − η2, ν2 = η2 − η3,
and define µ = µ3 : Z
3 → Z27 by
µ(a1, a2, a3) = (a1, . . . , a1, a2, . . . , a2, a3, . . . a3).
Note that Y = µ(A2) ∼= 3A2 and
AnnA26(Y ) = {α ∈ A26 | 〈α, β〉 = 0 for any β ∈ Y } ∼= A38.
Next we discuss the coset decomposition Y + A38 in A26.
Lemma 6.8. Let α1 = (1,−1, 0) and α2 = (0, 1,−1) be roots of A2. Then we have
A26 =
⋃
0≤i,j≤8
((
−1
9
(iµ(α1) + jµ(α2)) + Y
)
+
(
ν1(γA8(i)) + ν2(γA8(j)) + A
3
8
))
.
Proof. First we note that [A26 : Y + A
3
8] =
√
(92 · 3) · 93/27 = 92. Moreover, we have
−1
9
(iµ(α1) + jµ(α2)) + ν1(γA8(i)) + ν2(γA8(j)) =
9∑
k=10−i
ιk(α1) +
9∑
k′=10−i
ιk′(α2).
Note that
∑9
k=10−i ιk(αp) /∈ Y + A38 for any i 6= 0, p = 1, 2. Therefore,(
−1
9
(iµ(α1) + jµ(α2)) + Y
)
+
(
ν1(γA8(i)) + ν2(γA8(j)) + A
3
8
)
,
for i, j = 0, . . . , 8, give 92 distinct cosets in A26/(Y + A
3
8). Thus, we have the desired
conclusion.
Lemma 6.9. Let δ = γA8(3) =
1
3
(16 − 23) ∈ A∗8. Then for any k, ℓ = 0,±1, we have
ComV
(kν1+ℓν2)(δ)+A
3
8
(Lsˆl9(C)(3, 0)) = {v ∈ V(kν1+ℓν2)(δ)+A38 | Ωnv = 0 for all n ≥ 0}
∼= Ksl3(C),9(0,−3(kα1 + ℓα2)).
Proof. By Lemma 6.8,
VA26 =
⊕
0≤i,j≤8
V− 1
9
(iµ(α1)+jµ(α2))+Y
⊗ Vν1(γA8 (i))+ν2(γA8 (j))+A38 .
Moreover, by (6.4),
Lsˆl3(9, 0) = ComVA26 (Lsˆl9(C)(3, 0)) =
⊕
λ∈ 1
9
Y/Y
Vλ+Y ⊗Ksl3(C),9(0, 9λ¯).
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Take i = 3k and j = 3ℓ. Then we have
ComV
(kν1+ℓν2)(δ)+A
3
8
(Lsˆl9(C)(3, 0))
∼= Ksl3(C),9(0, 9 · −
1
9
(3kα1 + 3ℓα2))
= Ksl3(C),9(0,−3(kα1 + ℓα2))
as desired.
Lemma 6.10. We have the decomposition
W˜ = ComV
E38
(Lsˆl9(C)(3, 0)) =
⊕
i,j=0,±1
Ksl3(C),9(0, 3(iα1 + jα2)).
Proof. First we note that M +N ∼= A2 ⊗E8 and
M +N =
⋃
0≤k,ℓ≤2
((kν1 + ℓν2)(δ) + A2 ⊗ A8) .
Since A2 ⊗ A8 ∼= AnnA38(d3(A8)) and Vd3(A8) ⊂ Lsˆl9(C)(3, 0), we have
W˜ = ComV
E3
8
(Lsˆl9(C)(3, 0)) < VM+N .
The conclusion now follows from Lemma 6.9.
Now let α ∈ A2 be a root. Then Zα ∼= A1 and
L(α) = ⊕9j=1ιj(Zα) ∼= A91 ⊂ A26.
Let Hα and Eα be defined as in Notation 5.1. Then {Hα, Eα,−E−α} forms a sl2-triple
in the lattice VOA VA91 < VA26 . Moreover, it generates a subVOA Lα isomorphic to the
affine VOA Lsˆl2(C)(9, 0). Let Mα(9, 0) be the subVOA generated by Hα. Then
Kα := ComLα(Mα(9, 0)) ∼= K(sl2(C), 9).
Note also that Kα = ComLα(Mα(9, 0)) < ComLsˆl3(C)(9,0)(Vµ(A2)) = K(sl3(C), 9).
Set hα = Hα, xα = Eα and x−α = −E−α. Then the elements ωα and W 3α defined in
Notation 6.3 are contained in Kα. In fact, Kα is generated by ωα and W 3α (see [DLY]).
Theorem 6.11. The VOA W defined in Notation 3.1 contains a full subVOA isomorphic
to K(sl3(C), 9).
Proof. Recall that W = V OA(ei,j | 0 ≤ i, j ≤ 2). We also have
M = (η1 − η2)(E8), N = (η2 − η3)(E8), N˜ = (η1 − η3)(E8).
Let α1 = (1,−1, 0), α2 = (0, 1,−1) and α3 = α1 + α2 = (1, 0,−1) be the positive roots
of A2. Then by the same calculations as in [LYY1], it is straightforward to verify that
Kα1 < V OA(eM , ρeM), Kα2 < V OA(eN , ρeN), Kα3 < V OA(eN˜ , ρeN˜ ),
MAJORANA REPRESENTATION OF 3
2
:2 23
where eM , eN , eN˜ and ρ are defined as in Notation 4.3.
By Theorem 6.4, Kα1 ,Kα2 and Kα3 generates a subVOA isomorphic to K(sl3(C), 9) in
W . It is a full subVOA of W because they have the same central charge.
Theorem 6.12. We have W = W˜ = ComV
E3
8
(Lsˆl9(C)(3, 0)).
Proof. By the previous lemma, the subVOA W contains K(sl3(C), 9) as a full subVOA.
Therefore, it suffices to show that Ksl3(C),9(0, 3(iα1 + jα2)) is contained in W for any
i, j = 0,±1.
By [LYY1, Proposition 2.2],
X+ν1 =
1
32
∑
γ∈ν1(δ)+ν1(A8)
〈γ,γ〉=4
eγ and X−ν1 =
1
32
∑
γ∈−ν1(δ)+ν1(A8)
〈γ,γ〉=4
eγ
are contained in V OA(eM , ρeM) < W . Moreover, it is straightforward to verify that
X+ν1 ∈ ComVν1(δ)+A38 (Lsˆl9(C)(3, 0))
∼= Ksl3(C),9(0,−3α1)
and
X−ν1 ∈ ComV−ν1(δ)+A38 (Lsˆl9(C)(3, 0))
∼= Ksl3(C),9(0, 3α1).
Therefore, W contains Ksl3(C),9(0,±3α1) as K(sl3(C), 9)-submodules. Similarly, W also
contains Ksl3(C),9(0,±3α2) and Ksl3(C),9(0,±3(α1 + α2)) as K(sl3(C), 9)-submodules.
Moreover, it is clear that 0 6= (X+ν1)−3(X−ν2) ∈ V(ν1−ν2)(δ)+A38 . Since X+ν1 and X−ν2 are con-
tained in the commutant of Lsˆl9(C)(3, 0), we have (X
+
ν1
)−3(X−ν2) ∈ ComV(ν1−ν2)(δ)+A38 (Lsˆl9(C)(3, 0)).
Hence W contains Ksl3(C),9(0, 3(α1 − α2)). Similarly, Ksl3(C),9(0, 3(α2 − α1)) is contained
in W , also.
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